&5 H: Local geometry determines global landscape in low-rank
factorization for synchronization
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The orthogonal group synchronization problem, which focuses on recovering orthogonal group

elements from their corrupted pairwise measurements, encompasses examples such as high-
dimensional Kuramoto model on general signed networks, S\mathbb{Z} 2S-synchronization,
community detection under stochastic block models, and orthogonal Procrustes problem. The
semidefinite relaxation (SDR) has proven its power in solving this problem; however, its expensive
computational costs impede its widespread practical applications. We consider the Burer-Monteiro
factorization approach to the orthogonal group synchronization, an effective and scalable low-rank
factorization to solve large scale SDPs. Despite the significant empirical successes of this factorization
approach, it is still a challenging task to understand when the nonconvex optimization landscape is
benign, i.e., the optimization landscape possesses only one local minimizer, which is also global. In this
work, we demonstrate that if the degree of freedom within the factorization exceeds twice the
condition number of the “Laplacian" (certificate matrix) at the global minimizer, the optimization
landscape is absent of spurious local minima. Our main theorem is purely algebraic and versatile, and it
seamlessly applies to all the aforementioned examples: the nonconvex landscape remains benign

under almost identical condition that enables the success of the SDR.
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