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In this talk, we address the inverse design (time-reversal) challenges for parabolic and hyperbolic systems.

In the parabolic setting, although the classical backward uniqueness property holds, diffusivity imposes a
severe obstacle to time-reversibility, making the reconstruction of initial sources and disturbances particularly
delicate. We introduce a novel approach (joint work with Kang Liu) based on a long-time moment expansion of
the heat equation combined with representer theorems, which enables the efficient recovery of atomic initial
profiles. Furthermore, by leveraging the classical Li-Yau differential inequality, we provide a quantitative
framework to analyze diffusion-based methods in generative Al.

In contrast, the hyperbolic setting exhibits completely different phenomena. The formation of singularities
during forward evolution obstructs backward uniqueness, while unilateral constraints inherent to the forward
dynamics restrict the set of admissible data. In collaboration with Thibault Liard and Carlos Esteve, we
characterize the set of reachable states, study the multiplicity of initial configurations leading to a given target,
and examine the roles of backward entropy and viscosity solutions in conservation laws and Hamilton—Jacobi
equations.

The talk will be illustrated with numerical experiments, and we will conclude by outlining open problems

and prospective research directions.
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